Abstract An inexact restoration (IR) approach is presented to solve a matricial optimization problem arising in electronic structure calculations. The solution of the problem is the closed-shell density matrix and the constraints are represented by a Grassmann manifold. One of the mathematical and computational challenges in this area is to develop methods for solving the problem not using eigenvalue calculations and having the possibility of preserving sparsity of iterates and gradients. The inexact restoration approach enjoys local quadratic convergence and global convergence to stationary points and does not use spectral matrix decompositions, so that, in principle, large-scale implementations may preserve sparsity. Numerical experiments show that IR algorithms are competitive with current algorithms for solving closed-shell Hartree-Fock equations and similar mathematical problems, thus being a promising alternative for problems where eigenvalue calculations are a limiting factor. 
Introduction
Assume that the 3D coordinates of the nuclei of atoms in an atomic arrangement are known. An electronic structure calculation consists of finding the wave functions from which the spatial electronic distribution of the system can be derived [1] [2] [3] [4] . These wave functions are the solutions of the time-independent Schrödinger equation [4] .
The practical solution of the Schrödinger equation from scratch is not possible, except in very simple situations. The solutions are functions of R 3N → R which must satisfy the Pauli exclusion principle and be anti-symmetric relative to interchange of electrons, which introduce additional complications [4] . Therefore, simplifications are made leading to more tractable mathematical problems.
The best-known approach consists of approximating the solution by a determinant composed by a combination of N functions, known as the Slater-determinant. In the most common case, in which the number of electrons of the system is even and every electron is paired, one uses one function for each pair of electrons to compose the Slater-determinant. One refer to systems satisfying these properties as "Restricted Closed-Shell" systems, and only systems of this type are of concern here. The approximation of the solution by the Slater-determinant allows for a significant simplification of the Schrödinger equation, which results in a "one-electron" eigenvalue equation, known as the Hartree-Fock equation [4] . The solutions of this new one-electron eigenvalue problem are used to reconstitute the Slater-determinant and, therefore, the electronic density of the system. Writing each of the N functions composing the Slater-determinant as linear combinations of a given basis with K elements (here and in the sequel N denotes the number of electron pairs), the unknowns of the problem become the coefficients of each function with respect to the chosen basis, giving rise to a nonlinear eigenvalue problem known as the Hartree-Fock-Roothaan problem. The discretization technique uses plane wave basis or localized basis functions, with compact support [5] or with a Gaussian fall-off [3] . In this way, the unknowns of the problem are represented by a coefficient matrix C ∈ R K×N . The optimal choice of the coefficients comes from the solution of the optimization problem:
subject to
where M is a symmetric positive definite overlapping matrix that depends on the basis and Z = CC T is called the density matrix.
In the Restricted Closed-Shell Hartree-Fock-Roothaan problem, the form of E(Z) in (1) is:
